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Colorimetry for CRT displays
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We analyze the sources of error in specifying color in CRT displays. These include errors inherent in the use
of the color matching functions of the CIE 1931 standard observer when only colorimetric, not radiometric,
calibrations are available. We provide transformation coefficients that prove to correct the deficiencies of this
observer very well. We consider four different candidate sets of cone sensitivities. Some of these differ sub-
stantially; variation among candidate cone sensitivities exceeds the variation among phosphors. Finally, the
effects of the recognized forms of observer variation on the visual responses (cone excitations or cone contrasts)
generated by CRT stimuli are investigated and quantitatively specified. Cone pigment polymorphism gives
rise to variation of a few per cent in relative excitation by the different phosphors—a variation larger than the
errors ensuing from the adoption of the CIE standard observer, though smaller than the differences between
some candidate cone sensitivities. Macular pigmentation has a larger influence, affecting mainly responses to
the blue phosphor. The estimated combined effect of all sources of observer variation is comparable in mag-
nitude with the largest differences between competing cone sensitivity estimates but is not enough to disrupt
very seriously the relation between the L and M cone weights and the isoluminance settings of individual ob-
servers. It is also comparable with typical instrumental colorimetric errors, but we discuss these only briefly.
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1. INTRODUCTION
In this paper we show how stimuli from a CRT color dis-
play can best be characterized by a user who lacks radio-
metric measurements and must rely (or prefers to rely)
instead on colorimetric data that are based on inaccurate
color matching functions, in particular the (X, Y, Z) tri-
stimulus values of the CIE 1931 standard observer and
the associated (x, y) chromaticity coordinates. We show
that even this somewhat discredited colorimetric stan-
dard suffices for very accurate representation of CRT
stimuli, not only relative to one another but in absolute
terms, in the sense, for example, of specifying the cone
contrast that CRT stimuli of different colors will form for
a given class of cone. When the standard observer is
adopted by using corrective transformation equations
that we provide, the resulting error proves to be much
smaller than two other sources of error that we also in-
vestigate and quantify: the expected variation among
real observers and the differences between competing re-
cently proposed standard observers. It is also small by
comparison with typical instrumental colorimetric errors
(which we discuss only briefly in Section 8).

The tristimulus values of a color stimulus, such as the
(X, Y, Z) values for the CIE standard observer, are inte-
grals of the stimulus spectral power distribution,
weighted by the color matching functions x̄(l), ȳ(l), and
z̄(l), which are themselves simply the tristimulus values
for an equal-energy spectrum (p. 130 of Ref. 4). Inaccu-
racy of the color matching functions is directly reflected in
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the tristimulus values for any stimulus and in turn af-
fects the estimated luminance and chromaticity coordi-
nates.

The inaccuracy of the CIE 1931 standard observer’s
color matching functions is well known and arises mainly
from luminance errors, which are as great as a factor of 4
at short wavelengths.1 Much better estimates of the
color matching functions have long been available. No-
table among these are Judd’s 19512 and Vos’s 19783 modi-
fications of the 1931 observer, as well as the 1964 CIE
large-field observer.4,5 Naturally, therefore, all currently
favored estimates of the long-wavelength-sensitive, mid-
spectral, and short-wavelength-sensitive (L, M, and S)
cone spectral sensitivities on which color depends are
based on these relatively recent color matching functions.
The cone sensitivities of Smith and Pokorny,6 hereinafter
referred to as SP, are based on the Judd functions, here
denoted by (XJ , YJ , ZJ); those of Stockman, MacLeod,
and Johnson1 (SMJ) are based on the CIE 1964 functions
for a 10-deg field (X10 , Y10 , Z10); and those of Stockman
and Sharpe7 (SS) are based on the Stiles–Burch 1959
data5 that form part of the support for the CIE 1964 func-
tions.

Yet the original CIE 1931 functions are still the basis of
nearly all colorimetric measurements. This creates a
problem: Most users of color displays must base their
color calibration on colorimetric data that are founded on
inaccurate assumptions. Here we examine the conse-
quences of error in the CIE functions. We show how
2003 Optical Society of America
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those consequences can be minimized (and, indeed, ren-
dered practically negligible) in colorimetric CRT calibra-
tion.

If CIE 1931 (X, Y, Z) colorimetric data are simply
treated as equivalent to the later modified (X, Y, Z) sys-
tems cited, large errors can result. As noted, discrepan-
cies in derived luminance values will then exceed a factor
of 4 at short wavelengths. The L, M and S cone excita-
tions are each defined as a particular linear combination
of the tristimulus values on which they are properly
based; when the incorrect 1931 tristimulus values are
used instead of the proper modified ones, these cone exci-
tations are individually subject to an error comparable
with the error for luminance. For CRT phosphors, the
errors are far less than for monochromatic lights—indeed
they might be considered reassuringly small—but they
are still enough to make a difference in exact work. If for
example, the L, and M, and S cone excitations (which we
will denote here simply by L, M, and S) are obtained by
applying the well-known equations of Smith and
Pokorny6 (cf. p. 615 of Ref. 4) to the 1931 tristimulus val-
ues instead of to the Judd-modified values for which they
were intended (reputedly a common, though nowhere ex-
plicitly endorsed or critically examined, practice among
vision researchers), the following errors (fortunately not
very large) result. For a typical blue CRT phosphor L
and M are underestimated relative to S by 9% and 3%, re-
spectively. For the red phosphor, M is underestimated by
2% and L by 1%. For the green phosphor, cone excita-
tions are accurate to within 0.5%.

Greater errors, approaching a 35% underestimation in
L and M cone excitation by the blue phosphor, naturally
occur if the equations of Stockman et al., expressing cone
excitations for a 10-deg field in terms of the CIE 1964
(X10 , Y10 , Z10) tristimulus values, are applied instead to
the 1931 values. Unless these errors can be tolerated,
the linear equations given by Smith and Pokorny6 or by
Stockman et al.,1 do, respectively, require Judd-modified
or CIE 1964 tristimulus values instead of the CIE 1931
values delivered by colorimetric measurement.

Nevertheless, a different set of three linear equations
relating L, M, and S to X, Y, and Z can accommodate the
CIE 1931 values in CRT color calibration: The nine de-
grees of freedom allowed by free choice of the nine coeffi-
cients in such a set of equations can be used to correct the
cone excitations for each of the three CRT phosphors.
The linear relation between L, M, and S and the red,
green, and blue phosphor energies R, G, and B guaran-
tees that the resulting transformation is correct not only
for each of the three phosphors but also for any CRT
stimuli obtained by mixing the phosphors. And this is
true regardless of the accuracy of the tristimulus values
themselves.

But what is this correct transformation? It depends on
the spectral power distribution of the phosphors. When
this is known, the problem we are here concerned with
can be settled.8 But how can the appropriate transfor-
mation relating L, M, and S to CIE 1931 X, Y, and Z be
found in the absence of radiometric data?

Fortunately, CRT phosphor spectra usually do not de-
viate very much from a typical form. This suggests a
very simple solution to the problem. To the extent that
the phosphor spectra are similar on different CRTs, the
linear transformation from X, Y, Z to L, M, S derived for a
typical set of red, green, and blue phosphor spectra should
be approximately valid for any monitor. This approxima-
tion does not strictly require that variation among phos-
phors from one CRT to another be minimal. Any varia-
tion in phosphor spectra within each phosphor color
category is taken into account, just to the extent that the
X, Y, and Z color matching functions indicate its effects
correctly. We show here that this approach is effective.

If XYZ and LMS are column vectors, we can represent
the transformation from X, Y, Z values to L, M, S values
for CRT stimuli as

LMS 5 LMSIXYZ * XYZ . (1)

Each row of the 3 3 3 matrix LMSIXYZ contains the
three coefficients expressing some cone excitation value
(L, M, or S) as a weighted sum of the measured tristimu-
lus values X, Y, and Z, which are together determined by
the intensities of the three phosphors. Values for this
matrix are suggested below. With LMSIXYZ in hand,
one can easily obtain cone excitations for any stimulus
displayed on that CRT by using Eq. (1). The values of X,
Y, and Z are obtained directly by colorimetric measure-
ment of the CRT stimulus of interest.

We have derived the matrix LMSIXYZ for CRT color
calibration where the tristimulus vector XYZ is based on
the (assumed invalid) CIE 1931 color matching functions
(for formulas see Appendix A). Four variants are given
for different choices of the cone-sensitivity functions that
are taken to be valid:

(a) SP: The cone spectral sensitivities of Smith and
Pokorny6 are based on the Judd2 functions.

(b) SMJ2: The cone sensitivities of Stockman,
MacLeod, and Johnson1 for a 2-deg field are based on the
CIE 1964 functions for a 10-deg field, with corrections for
the effects of macular pigmentation and visual pigment
density changes associated with the smaller field size.
Here we use not the version of the SMJ2 sensitivities
fully tabulated in their Table 8 but the one specified in
their Table 6D. These sensitivities are preferred here be-
cause the 10-deg L and M functions from which they are
derived sum exactly to ȳ10(l), with weights constrained
so that the white point in the constant-luminance chro-
maticity diagram lies at l 5 L/(L1M) 5 0.700 exactly.
These L and M sensitivities are similar to those of SMJ’s
Table 8, and the S sensitivity is identical.

(c) SMJ10: In the same source as SMJ2, cone sensi-
tivities for a 10-deg field are also given; these are a linear
combination of the CIE 1964 functions, except that the
long-wavelength (.520 nm) S sensitivity is derived inde-
pendently, since in this range the S sensitivity based on
the color matching functions is strongly contaminated by
rod intrusion.

(d) SS: The cone sensitivities of Stockman and
Sharpe7 for a 2-deg field are derived in a way broadly
similar to the derivation of the SMJ2 functions but are
based on the Stiles–Burch 1959 data5 that form part of
the support for the CIE 1964 functions.

In addition, we briefly present other colorimetric data
relevant for CRT calibration. Matrices for conversion of
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CIE 1931 to Judd-modified or to CIE 1964 XYZ values
are given for CRT stimuli. Finally, for those interested in
estimating cone excitations from CRT stimuli very
roughly without doing any colorimetry at all, we give
transformations to L, M, and S from red, green, and blue
phosphor amounts R, G and B, each measured by their
CIE 1931 photometric luminance.

Section 4 specifies the above transformations for typi-
cal phosphors, and Section 5 reports that reassuringly
small errors ensue from their use with unknown phos-
phors. Section 6 evaluates the differences in cone excita-
tion by CRT stimuli for different current candidate cone-
sensitivity estimates. Section 7 evaluates the influence
of known sources of observer variation on cone excitations
from CRT stimuli. Section 8 exemplifies typical instru-
mental colorimetric errors.

2. METHODS
A. Measurements
Spectral data on which the transformation was based
were derived from radiometric measurements, 380–780
nm on a haphazard collection of 15 color monitors of dif-
ferent models from eight different manufacturers (Tek-
tronix, Mitsubishi, Nanao/Eizo, Sony, Apple, NEC, Nokia,
and Micron Electronics). One additional monitor was re-
jected because of unusually severe mixing of the phosphor
emissions in the output from one gun. The other moni-
tors differed little in this respect, but an indication of the
prevalent extent of cross talk is apparent in the average
spectra, where the narrow spectral peaks characteristic of
the red phosphor are reduced only to 5% for the blue gun
and to 0.6% for the green gun when the stimuli from the
three guns are equated in luminance. Since this amount
of cross talk is doubtless fairly typical, we made no at-
tempt to remove it in our computations. Thus our refer-
ences to ‘‘typical phosphors’’ more strictly refer to the
stimuli that are typically generated by a single gun.

In most cases a Photo Research PR650 spectroradiom-
eter was used, though in a few cases a PR704 was avail-
able. The PR650 measures spectral power distributions
at 4-nm intervals, with a roughly trapezoidal weighting
function of full width 8 nm, originating from the combina-
tion of a 4-nm slit with a 4-nm detector extent at the spec-
trum plane. Checks with He–Ne and Ar laser sources
and against other radiometers indicated that the wave-
length calibration of the PR650 was accurate to within 1
nm. The R, G, and B components were measured sepa-
rately at the half-maximum intensity level in order to
avoid loss of saturation due to blooming. The spectral
power distributions were interpolated as necessary (by
use of cubic splines in MATLAB) and averaged.

The spectral resolution of the PR650 or other instru-
ments of this type might appear inadequate for the task
at hand, since convolution with the relatively broad in-
strumental spread function precludes a faithful rendering
of the steepest gradients in the phosphor spectra. Calcu-
lation indicates that this concern is unwarranted. It is
difficult to allow directly for the effects of convolution
with an instrumental spectral spread function, since de-
convolution introduces large artifacts originating largely
from measurement noise. Instead, we adopted the fol-
lowing procedure. The effects of candidate spread func-
tions were evaluated by convolving each spread function
ten times in succession with the measured spectral power
distributions. The factor by which convolution changed
the cone excitations was constant within 1024 over the
ten successive convolutions. The initial instrumental
convolution implicit in the initial spectral power distribu-
tions would therefore doubtless have had an effect similar
to the computed effects of the subsequent convolutions
with a similar kernel. We estimated the effect of the ap-
proximately 6-nm slit width of the PR650 by successive
convolutions of the spectra with a 6-nm-wide rectangular
spread function or with a 4-nm-to-8-nm trapezoid. This
yielded changes so small (,0.2% in the computed cone ex-
citations) that we did not consider it necessary to make
corrections.

B. Units for L, M, and S
The values constituting LMSIXYZ depend critically on
the choice of particular units for L, M, and S. Only the
relative sizes of the units are significant here; the abso-
lute sizes of all three together affect only luminance and
not color specification, and an appropriate scaling factor
for all values may be obtained from a luminance measure-
ment.

Since L and M cones both contribute to luminance, it is
possible and natural to express the L and M cone excita-
tions in luminance units. This convention is adopted in
the SP sensitivities and SMJ sensitivities considered here
(with the unit for S necessarily somewhat arbitrary).
The original SS cone spectral sensitivities have been
scaled to unity maximum, but to express them in lumi-
nance units instead, we applied the scaling factors that
Stockman and Sharpe7 give.

The choice of units for the cone excitations, particularly
for S, has a large influence on the constant-luminance
cone-excitation chromaticity diagram.9,10 For equal-
energy white, L values in luminance-based units are close
to 70% of total luminance, and M values are close to 30%;
this locates the white point near l 5 L/(L1M) 5 0.7. In
recent work, units for S are most often chosen to make
the S value numerically equal to the stimulus luminance
in the case of white.11 Then for white S 5 L1M, or s
5 S/(L1M) 5 1.

Here we follow current practice by adopting units such
that for an equal-energy white, s 5 1. For this light, us-
ing the SMJ2 and SMJ10 sensitivities results in l 5 0.7.
For SP and SS this chromaticity is given by l 5 0.666 and
l 5 0.647, respectively.

3. AVERAGE PHOSPHORS
The spectral power distributions of the typical phosphors
that we derived by averaging across the set of 15 color
monitors that we measured are shown in Fig. 1. The
mean CIE 1931 chromaticity coordinates (x, y) of these
average phosphor spectra (equal to the mean of the chro-
maticity coordinates of the measured phosphors) are
given in Table 1. These values fall within the range typi-
cal of JEDEC P22 phosphors.
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4. LINEAR TRANSFORMATIONS VALID
FOR THE AVERAGE PHOSPHORS
A. Numerical Values for LMSOXYZ: Cone Excitations
from CIE 1931 Tristimulus Values and Vice Versa
With units for L, M, and S defined as above, the following
numerical values for LMSIXYZ were obtained (for for-
mulas see Appendix A) assuming in turn the cone sensi-
tivities specified as (a)–(d) in Section 1.

(a) SP cone excitations from 1931 (X, Y, Z):

S L
M
S
D 5 F 0.15282 0.54383 2 0.02795

20.15254 0.45524 0.03355

20.00045 0.00145 0.95449
G * S X

Y
Z
D .

(2)

These coefficients are not very different from the defining
transformation (cf. p. 615 of Ref. 4) based on the Judd-
modified tristimulus values (except for a difference in
scaling factor for S). But their adoption eliminates (for
our typical phosphors) the errors that arise when the de-
fining transformation is incorrectly applied to the CIE tri-
stimulus values, which as noted above can be as large as
9% in the cone excitation. The error that arises from
adopting Eq. (2) with other phosphor spectra is evaluated
below, where it proves to be extremely small.

(b) SMJ2 cone excitations for a 2-deg field from 1931
(X, Y, Z):

Fig. 1. Spectral power distributions of the typical red, green,
and blue phosphors. Before averaging, the individual spectra
were scaled for equality in luminance among all phosphors.
This leads to the differences in peak power of the three typical
phosphors.

Table 1. Mean and Standard Deviation of the CIE
1931 Chromaticity Coordinates for the Sampled

Monitors

Chromaticity
Coordinate

Phosphor Type

Red Green Blue

x 0.620 (60.009) 0.288 (60.011) 0.153 (60.004)
y 0.342 (60.006) 0.597 (60.008) 0.070 (60.004)
S L
M
S
D 5 F 0.18772 0.60445 2 0.02517

20.14014 0.43056 0.03773

0.02017 2 0.04189 1.08472
G * S X

Y
Z
D .

(3)

(c) SMJ10 cone excitations for a 10-degree field from
1931 (X, Y, Z):

S L
M
S
D 5 F 0.14460 0.62421 2 0.00429

20.14506 0.42265 0.05084

0.03105 2 0.06416 1.10923
G * S X

Y
Z
D .

(4)

(d) SS cone excitations for a 2 degree field from 1931
(X, Y, Z):

S L
M
S
D 5 F 0.17156 0.52901 2 0.02199

20.15955 0.48553 0.04298

0.01916 2 0.03989 1.03993
G * S X

Y
Z
D .

(5)

The inverse of the above LMSIXYZ transformation gives
X, Y, and Z values for given L, M, and S values and can
also be very useful for specifying an (X, Y, Z) triplet that
will generate a desired (L, M, S) triplet of cone excita-
tions.

For the SMJ2 cone sensitivities, as an example, the in-
verse transform is

S X
Y
Z
D 5 F 2.59795 2 3.62903 0.18651

0.84694 1.13166 2 0.01971

20.01560 0.11119 0.91767
G * S L

M
S
D .

(6)

With the values of LMSIXYZ at hand, one can also de-
termine the transformation from 1931 CIE (x, y) chroma-
ticity coordinates to the (l, s) chromaticity coordinates of
MacLeod and Boynton10 (see Appendix A).

For the SMJ2 cone sensitivities, as an example, the
transform is

l 5
0.21289x 1 0.62962y 2 0.02517

0.03502x 1 1.0224y 1 0.01256
,

s 5
21.06455x 2 1.12661y 1 1.08472

0.03502x 1 1.0224y 1 0.01256
. (7)

B. Cone Excitations from Phosphor Luminances Alone
As an alternative to LMSIXYZ, the adoption of a direct
and fixed transform from (R, G, B) to (L, M, S) might
be considered for a crude estimate of cone excitations
from a CRT stimulus in situations where no trusted colo-
rimetric measures at all, but only photometric measures
on the red, green, and blue CRT guns, are available. For
the SMJ2 cone sensitivities, and for our typical phosphor
set, with (R, G, B) expressed in units of CIE 1931 lumi-
nance, this is

S L
M
S
D 5 F 0.9417 0.6901 0.7359

0.1809 0.3703 0.5432

0.1138 0.1764 12.0757
G * S R

G
B
D . (8)

This transform will be in error to the extent that the
CRT phosphor spectra are different from the typical ones;
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here there is no accommodation of variation among phos-
phors, such as there is when LMSIXYZ is used in con-
junction with colorimetric measures of the CRT stimuli.
This naturally leads to much greater error than using
colorimetric data, as demonstrated in Subsection 5.C.

C. Improved (X, Y, Z) Values from CIE 1931 Values
Although for CRT stimuli both the cone sensitivities and
the tristimulus values can be completely arbitrary with-
out disrupting the linear relationship between tristimu-
lus values and cone excitations, cone sensitivities are of-
ten defined as linear combinations of previously defined
color matching functions. The SP sensitivities are a lin-
ear combination of the Judd-modified CIE color matching
functions, and the SMJ10 sensitivities are very close to a
linear combination of the 1964 10-deg CIE color matching
functions, differing only in the behavior of the S sensitiv-
ity at very long wavelengths where it is very low. In such
cases, the transformation from CIE 1931 (X, Y, Z) to
(L, M, S) can be reduced to two steps: a transformation
from (X, Y, Z) to the preferred color matching functions
that form the basis for defining L, M and S, followed by
the recommended transformation from this new basis to
the cone excitations themselves.

The cone excitations then depend linearly on the pre-
ferred modified color matching functions, denoted by
(X8, Y8, Z8), as well as on the original 1931 color match-
ing functions:

LMS 5 LMSIXYZ * XYZ 5 LMSIX8Y8Z8 * X8Y8Z8

5 LMSIX8Y8Z8 * ~X8Y8Z8IXYZ * XYZ !. (9)

Here the transformation matrix LMSIXYZ is the prod-
uct of LMSIX8Y8Z8, the original matrix of coefficients de-
fining the cone sensitivities in terms of the preferred basis
(X8, Y8, Z8), and X8Y8Z8IXYZ, the matrix defining
(X8, Y8, Z8) in terms of (X, Y, Z) for the CRT phos-
phors.

Geometrically, the two sets of tristimulus values pro-
vide alternative three-dimensional coordinate systems for
representing color and luminance of any stimulus. The
coordinate transformation X8Y8Z8IXYZ maps stimulus
coordinates—including those of the R, G, and B phos-
phors themselves—in the original (X, Y, Z) system into
their coordinates in the modified (X8, Y8, Z8) system. It
is obtained by a matrix division of the two 3 3 3 matrices
whose rows are the tristimulus values of the R, G, and B
phosphors in the two systems. Values for X8Y8Z8IXYZ
to transform 1931 tristimulus values to Judd’s
(XJ , YJ , ZJ) (for CRT stimuli only—no linear transfor-
mation between these two is even approximately valid in
general) are

S XJ

YJ

ZJ

D 5 F 0.98409 0.00765 2 0.00140

0.00046 0.99902 0.00569

0.00003 0.00052 0.93581
G * S X

Y
Z
D .

(10)

The further modification of Judd’s values by Vos3 modi-
fies these values only very slightly:
S XV

YV

ZV

D 5 F 0.98398 0.00799 2 0.00215

0.00029 0.99911 0.00560

20.00044 0.00141 0.93294
G * S X

Y
Z
D .

(11)

Similarly, the transformation to CIE 1964 large-field
values (X10 , Y10 , Z10) from 1931 tristimulus values for
CRT phosphors is

S X10

Y10

Z10

D 5 F 0.97008 0.09864 0.01738

20.00046 1.04684 0.04655

0.02256 2 0.04707 1.10164
G * S X

Y
Z
D .

(12)

5. ERRORS ENSUING FROM USE OF THE
ABOVE TRANSFORMATIONS WITH
UNKNOWN PHOSPHORS
A. Errors in Cone Excitations
We now evaluate the errors that arise when the transfor-
mations of Subsection 4.A are used to determine cone ex-
citations for individual guns of a CRT from the tristimu-
lus values of the CIE 1931 observer. Here we adopt the
SMJ2 cone sensitivities, but the results given are practi-
cally identical for other plausible small field cone sensi-
tivities.

CRT stimuli are typically intense enough that detect-
ability of stimulus differences is approximately consistent
with Weber’s law: Detection depends on the contrast, or
fractional change, in each cone’s excitation rather than on
the absolute difference. Hence the error incurred by the
use of the CIE 1931 observer to evaluate L, M, or S for a
particular gun of a particular CRT is appropriately repre-
sented by expressing it as a fraction of the mean of the
cone excitation in question over the set of monitors. To
accommodate all the monitor values in a single statistic,
we give the root mean square (rms) of these errors for all
individual monitors, expressed as a fraction of the aver-
age value [Table 2, Fig. 2(a)].

These errors never reach 1 percent and are generally
several times smaller than the errors resulting from the
application of the original equations of Smith and Poko-
rny to the 1931 XYZ functions (see Section 1). Moreover,
the worst-case error (the largest deviations from the typi-
cal value for any individual monitor, expressed as a frac-
tion of the typical value) for each cell in the same format,
while naturally larger, exceeds 1% only in the case of the
S cones and remains below or comparable with the differ-
ential thresholds classically associated with each cone
type. The worst-case errors are shown in Table 3.

The given transformations from the CIE 1931 tristimu-
lus values therefore represent with visually negligible er-
ror the contrasts formed for each cone type at a boundary
between different phosphors.

B. Errors in Chromaticity and Luminance
It is also important to consider the magnitude of the er-
rors in a different format, (l, s, Y), where Y is luminance
and l and s are chromaticity coordinates as defined above
(see Subsection 2.B). This coordinate system is helpful
because particularly small differences in L and M cone ex-
citation can be detected when these are directed along the
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isoluminant chromatic l axis.13 Leonova and MacLeod
(see MacLeod14), for example, found that differences in l
as small as 0.001 could be detected reliably under some
conditions in CRT displays. Fortunately the largest er-
ror in l resulting from the application of Eq. (3) for any of
our monitor phosphors was even less than this, at 0.06%
for the blue gun of one monitor. This supports the claim
that appropriate transformations of the 1931 CIE observ-
er’s tristimulus values, as specified in Subsection 4.A,
give rise to negligible error in the absolute specification of
CRT stimuli. The rms errors in s and in Y are also very
small, not exceeding 1% and 0.25%, respectively (see
Table 4).

It is notable that the errors in absolute color specifica-
tion resulting from the use of the standard observer in

Fig. 2. Errors for L, M, and S cone excitation measures for the
R, G, and B phosphors resulting from the following sources: (a)
rms errors among monitors resulting from use of the 1931 CIE
color matching functions, when the transformation derived for
the average monitor [Eq. (3)] is applied to all individual moni-
tors; (b) rms errors among monitors resulting from using R, G, B
phosphor intensity measures with the transformation specified
in Eq. (8); (c) rms errors among observers resulting from all
sources of individual variation for the typical phosphors; (d) rms
errors among monitors resulting from differences between mea-
surement devices (based on data provided by Shepherd12). Note
that the scales of all subplots are equal.
combination with our corrective transformation equations
would be barely detectable even if stimuli presented on
different monitors were directly compared.

C. Errors in Cone Excitations Based on Phosphor
Luminances Alone
Perhaps not surprisingly, the errors introduced by apply-
ing the fixed LMSIRGB transformation [Eq. (8)]—
effectively assuming, without the use of any colorimetric
measurements on the individual monitors, that each
monitor has typical phosphor spectra—are approximately
20 times larger than the errors presented in Subsection
5.A (Table 2 and Fig. 2(a)]. These errors are shown in
Fig. 2(b).

6. MAGNITUDE OF DIFFERENCES AMONG
CANDIDATE CONE SENSITIVITIES
In the estimation of cone excitations (or luminance) for
CRT stimuli, the errors arising from the use of the CIE

Table 2. Rms Errors Resulting from Use of the
1931 CIE Color Matching Functions with the

Transformation Specified in Eq. (3)a

Cone
Type

Phosphor Type

Red Green Blue

L 0.0004 0.0010 0.0028
M 0.0005 0.0011 0.0021
S 0.0089 0.0078 0.0064

a Each value is the rms of the errors in the estimated L, M, or S cone
excitations for any individual monitor, expressed as a fraction of the aver-
age excitation for all monitors.

Table 3. Maximum Errors Resulting from Use of
the 1931 CIE Color Matching Functions with the

Transformation Specified in Eq. (3)a

Cone
Type

Phosphor Type

Red Green Blue

L 0.0006 0.0026 0.0053
M 0.0009 0.0026 0.0039
S 0.0263 0.0147 0.0126

a Each value is the maximum error in the estimated L, M, or S cone
excitations for any individual monitor, expressed as a fraction of the aver-
age excitation for all monitors.

Table 4. Rms Errors in Chromaticity and Lumi-
nance Resulting from Use of the 1931 CIE Color

Matching Functions with the Transformation
Specified in Eq. (3)a

Colorimetric
Measure

Phosphor Type

Red Green Blue

l 0.00004 0.00002 0.00031
s 0.00909 0.00882 0.00755
Y 0.00039 0.00106 0.00250

a Each value is the rms of the errors in the estimated l, s, or Y for any
individual monitor, expressed as a fraction of the average value of l, s, or Y
for all monitors.
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1931 observer, appropriately handled as in Subsection
4.A, are therefore practically negligible. Two other non-
instrumental sources of error can be identified: Observer
variation will be investigated in Section 7, and differences
in cone excitations entailed by different choices among
candidate cone sensitivities are considered now. We com-
pare the candidate cone sensitivities (a)–(d) above, using
SMJ2 as a common reference for the others. We elimi-
nated the effects of different choices of units for cone ex-
citations by scaling the estimated L, M, and S values to

Fig. 3. Differences between candidate cone sensitivities. (a)
SP, (b) SMJ10, (c) SS. For each of these three candidate cone
sensitivity sets, the fractional deviations of the L, M, and S cone
excitation measures for the R, G, and B phosphors from the cor-
responding SMJ2 values are calculated. A value of 10.1 corre-
sponds to an increase of 10% in cone excitation relative to the
SMJ2 value. The effects of different choices of units for cone ex-
citations are eliminated by scaling the estimated L, M, and S val-
ues to equality for the red, green, and blue phosphors, respec-
tively.
equality for the red, green and blue phosphors respec-
tively. By comparison with SMJ2, the SP sensitivities
underestimate the L and M excitations by the blue phos-
phor by approximately 14% and overestimate the S cone
excitation by the green phosphor by 19% [Fig. 3(a)].
These differences far exceed the inconsequential errors
resulting from use of the transformations of Subsection
4.A and even exceed the errors, cited in Section 1, that re-
sult from naı̈ve identification of the 1931 tristimulus val-
ues with the Judd ones.

The SMJ10 degree functions naturally show even
greater differences from the small-field SMJ2 sensitivi-
ties, especially in the effects of the blue phosphor on the L
and M cones, which exceed the small field values by ap-
proximately 26% owing to the reduced average density of
macular pigment that prevails in the larger field [Fig.
3(b)].

The SS excitations, however, are very close to the SMJ2
values, in spite of being based on a slightly different set of
color matching functions [Fig. 3(c)]. The rms difference
between these two sets of cone excitations for CRT phos-
phors is approximately 1%. The greater differences im-
plicit in transformations (3) and (5) above originate from
a different choice of luminosity function, which occasioned
a slightly different choice of units for L, M, and S: The
SMJ2 function is based on the CIE 1964 ȳ10(l), corrected
for small field conditions,1 whereas the SS sensitivity is
based on a more recent set of measurements.7

Figure 4 shows the locus of spectral lights as well as
the equal-energy white point in the (l, s) plane for the
four candidate cone sensitivities. The plots emphasize
differences in the short wavelengths, but these are in
practice significant only for monochromatic lights. The
Stockman and Sharpe7 s value has a local minimum at
395 nm, where a concavity originating in the Stiles and
Burch color matching functions was removed in defining
the 1964 CIE 10-deg observer. What is more important,
the l coordinates of the spectral colors and of the white
point in this representation depend considerably on the
choice of the coefficients with which the L and M excita-

Fig. 4. Locus of spectral lights (curves) and equal-energy white
point (symbol markers) of each of the four candidate cone sensi-
tivities introduced in Section 1. The l axis is the luminance-
normalized L-cone excitation, and the s axis is the luminance-
normalized S-cone excitation.
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tions are combined to determine luminance. The cone
sensitivities (a)–(d) are associated with four different lu-
minosity functions: respectively, ȳJ(l), ȳ2(l) obtained
with a small-field correction from ȳ10(l), ȳ10(l), and new
luminosity measurements by Stockman and Sharpe.7

Figure 4 thus illustrates an unfortunate feature of the
constant-luminance chromaticity diagram: The diagram
introduces photometric issues into the colorimetric speci-
fication of stimuli by adopting coordinates that depend on
the L and M luminance coefficients.

7. OTHER SOURCES OF UNCERTAINTY:
OBSERVER VARIATION
No set of cone sensitivities can be correct for all observers,
since different observers have slightly different sensitivi-
ties. This individual variation limits the accuracy with
which color can be specified for particular observers, even
if accurate radiometric data are available. Useful evi-
dence as to the nature and extent of individual variation
was obtained by Webster and MacLeod15 in a factor
analysis of the color matching functions of Stiles and
Burch’s5 49 observers. They found six identifiable and
independent factors contributing to the individual varia-
tion. First, the optical density of the macular pigment
that screens the foveal cones varied with a standard de-
viation of 0.15 at 460 nm in a 2-deg field, approximately
40% of its mean density across observers. Second, the
optical density of the lens that screens all receptors var-
ied with a standard deviation of 0.18 at 400 nm, approxi-
mately 19% of its mean density across observers. In ad-
dition, the wavelengths of peak absorption of each of the
three light-absorbing cone pigments varied indepen-
dently, presumably as a result of polymorphism in the
genes encoding the pigments,16 with standard deviations
of 1.5 nm (L), 0.9 nm (M), and 0.8 nm (S). Finally, the
density of the visual pigments varied together, perhaps as
a result of individual variation in outer segment length,
with a standard deviation of 0.045. The effects of these
variations on cone excitation by CRT phosphors are
straightforward to evaluate (for two previous studies on
this topic see Refs. 17 and 18). We consider, as an index
of the individual variation contributed by any one physi-
ological factor, the fractional rms variation in cone excita-
tion due to that factor. By fractional rms variation we
mean the rms observer variation (or standard deviation)
divided by the mean across observers. The variations are
small enough that effects are roughly proportional to the
responsible differences in the underlying factors, so the
rms variation in cone excitation due to each causative fac-
tor separately is equal (disregarding the sign) to the
change associated with a change of 1 standard deviation
in the underlying cause of variation. Accordingly, we
next evaluate, as an index of observer variation, these
standard-deviation changes for each factor and for each
cone excitation in turn. Results are presented as frac-
tional changes, that is, the change in cone excitation
when the corresponding observer variable increases by 1
standard deviation, expressed as a fraction of the mean
cone excitation across observers. The fractional change
is thus equal to the percent change divided by 100.
A. Cone Pigment Polymorphism
Assuming that individual variation in visual-pigment-
absorption spectra displaces them on a log-wavelength
scale,15 with the standard deviations given above at the
wavelengths of peak absorption, we find the following
fractional changes in each cone’s excitation when its
wavelength of peak absorption lmax is incremented by 1
standard deviation (Table 5).

The absolute values from Table 5 give the rms observer
variation due to cone pigment polymorphism. These ef-
fects, maximally approximately 4%, are much larger than
the errors resulting from the adoption of the standard ob-
server with the optimized transformations of Subsection
4.A, though still not as large as the differences between
the SP and SMJ2 sensitivities.

When an observer’s individual cone sensitivities can be
estimated, deviations in an observer’s lmax from the popu-
lation average affect the cone excitations received from
CRT stimuli as shown in Table 6. The tabled numbers
are the fractional increments in excitation per nm of dis-
placement from the population average lmax .

The serine/alanine polymorphism at site 180 of the L
pigment gene, for example, which has been reported to
give rise to bimodal variation in the L sensitivity among
males, with a separation of about 2.5 nm between the
modes,16,19 generates a 2.5 3 0.028, or 7%, change in
sensitivity for the red phosphor.

Table 6 has another use: when cone excitation esti-
mates are based on spectroradiometric data, Table 6 gives
the error introduced per 1 nm error in the wavelength
calibration of the instrument.

Table 5. Rms Errors Resulting from Observer
Variation in Visual Pigment Absorption Spectra

for Our Average Monitor Phosphorsa

Cone
Type

Phosphor Type

Red Green Blue

L 0.0417 20.0008 20.0158
M 0.0363 0.0062 20.0100
S 0.0293 0.0552 0.0200

a Each value is the fractional change in the estimated L, M, or S cone
excitations when the corresponding wavelength of peak absorption, lmax is
increased by 1 standard deviation; if negative signs are disregarded, the
values are the rms fractional variations across observers in cone excitation
that result from observer variation in lmax .

Table 6. Changes in Cone Excitations Resulting
from Displacements of Visual Pigment Absorption

Spectraa

Cone
Type

Phosphor Type

Red Green Blue

L 0.0278 20.0005 20.0105
M 0.0404 0.0069 20.0111
S 0.0366 0.0690 0.0250

a Each value is the fractional increment in the estimated L, M, or S
cone excitations when the corresponding peak absorption is increased by 1
nm.
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B. Macular and Lens Pigment Variation
A reduction by 1 standard deviation (0.15 in peak density)
generates the fractional increments in the cone excita-
tions shown in Table 7.

Macular pigmentation strongly influences the S cone
excitation (bottom row) and all responses to the blue
phosphor (final column). In these cases the effects of a
single standard deviation of observer variation are as
large as the largest differences between candidate cone
sensitivities. The effects on the L and M cone contrasts
evoked by the red and green phosphors are much smaller
yet are still comparable with the effects of cone
polymorphism—a change of a few per cent in the relative
effectiveness of the red and green phosphors.

Variation in the optical density of the lens is less im-
portant. A reduction of 1 standard deviation (10% in
density) yields the fractional increments in cone excita-
tion shown in Table 8.

C. Visual Pigment Density
An increment in visual pigment density by 1 standard de-
viation (by 0.045 in density, or 10% if the mean density is
taken as 0.45) generates the fractional increments in the
cone excitations shown in Table 9.

Table 7. Rms Errors Resulting from Individual
Variation in Macular Pigmentationa

Cone
Type

Phosphor Type

Red Green Blue

L 0.0037 0.0272 0.1764
M 0.0152 0.0375 0.2080
S 0.2715 0.2341 0.2829

a Each value is the rms of the fractional changes in the estimated L, M,
or S cone excitations due to observer variation in macular pigmentation

Table 8. Rms Errors Resulting from Individual
Variation in Lens Pigmentationa

Cone
Type

Phosphor Type

Red Green Blue

L 0.0067 0.0209 0.0408
M 0.0122 0.0231 0.0447
S 0.0718 0.0499 0.0787

a Each value is the rms of the fractional changes in the estimated L, M,
or S cone excitations due to observer variation in lens pigmentation.

Table 9. Rms Errors Resulting from Individual
Variation in Visual Pigment Densitya

Cone
Type

Phosphor Type

Red Green Blue

L 0.0797 0.0624 0.0780
M 0.0831 0.0643 0.0751
S 0.0755 0.0874 0.0710

a Each value is the rms of the fractional changes in the estimated L, M,
or S cone excitations due to observer variation in visual pigment density.
Variation in visual pigment density increases or de-
creases all cone excitations together, behaving mainly like
variation in intensity independent of the stimulus, so its
effects on color are actually much less than the numbers
in Table 9 might suggest. Variation in effective stimulus
intensity across observers can be normalized out of Table
9 by scaling all cone excitations, for all phosphors, by the
same observer-dependent factor, chosen to make the
mean of all three cone excitations the same for all observ-
ers. When this is done, the rms effects of pigment den-
sity variation are much reduced, as shown in Table 10.

This normalization also reduces the effects of the other
cited sources of individual variation, but only slightly.

D. Combined Effects of All Sources of Observer
Variation: Cone Excitations
All the independent sources of individual variation can
now be combined by (1) discarding the variation in effec-
tive stimulus intensity due to each factor, as was done for
visual pigment density in Table 10, by normalizing out
variation common to all phosphors and all cones; (2) add-
ing the resulting variances due to each factor; and (3) tak-
ing the square root of the result. The resulting fractional
standard deviations for variation between observers
[Table 11, Fig. 2(c)] are dominated by the macular pig-
ment factor. They reveal that observer differences are
comparable in magnitude with the largest differences be-
tween competing cone-sensitivity estimates.

E. Combined Effects of All Sources of Observer
Variation: Cone Contrasts
The numbers given in Table 11 express the combined ef-
fect of all factors on the excitation of individual cones by
individual phosphors, but because the variations repre-
sented by different cells are correlated, they do not di-
rectly indicate the extent of individual variation in, for ex-
ample, the cone contrasts formed between display regions
lit by different phosphors. To evaluate variation in cone
contrast, we can normalize to reject changes in cone exci-

Table 10. Rms Errors Resulting from Individual
Variation in Visual Pigment Densitya

Cone
Type

Phosphor Type

Red Green Blue

L 0.0045 20.0127 0.0028
M 0.0079 20.0109 0.0000
S 0.0003 0.0122 20.0042

a This differs from Table 9 because changes common to all cone excita-
tions and all phosphors are discounted here by normalization with the
same scaling factor.

Table 11. Rms Errors Resulting from All Sources
of Individual Variation

Cone
Type

Phosphor Type

Red Green Blue

L 0.1417 0.1161 0.0501
M 0.1287 0.1046 0.0741
S 0.1364 0.1029 0.1489
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tation by factors that are different for different cones but
identical for all phosphors. These effects have no influ-
ence on color matches or on the cone contrasts created by
color displays. (They can, however, influence some as-
pects of color vision such as the subjectively achromatic
point or the unique yellow wavelength, so it could be mis-
leading, in those contexts, to normalize them out.)

If overall changes in L, M, S for each factor are normal-
ized so as to make the diagonals zero before combining
them, macular pigment remains the predominant factor,
but the standard deviations for L and M cone excitations
by the red and green phosphors drop to a few per cent.
The matrix then obtained by combining all factors indi-
cates the total individual variation in relative effective-
ness of the three phosphors for each cone type in turn (see
Table 12).

These numbers make it possible to compute the uncer-
tainty in cone contrast introduced by observer variation
with color CRT displays. For instance, if a bipartite field
with the red phosphor on one side and the green phosphor
on the other is arranged to provide zero contrast for the L
cones of the average observer, the rms Michelson contrast
formed for the L cones of all observers will be (1.0491
2 1)/(1.049111), or 2.4%. This illustrates the diffi-
culty of arranging a ‘‘silent exchange’’ CRT stimulus with-
out knowledge of each individual observer’s characteris-
tics. The nominally zero cone contrast will be detectable,
albeit barely, for a large proportion of the population.
Much greater uncertainty arises if the blue phosphor is
used instead of the green, since the blue phosphor is
strongly absorbed in macular pigment. Local variation
across the retina then becomes important also, as noted
in Section 6.

F. Luminance
In addition to cone contrasts, luminance ratios are critical
for the perception of color displays. Luminance is well
described by the appropriately weighted sum of the L and
M cone excitations. Of interest to CRT users are the
relative luminances of the phosphors, for instance of the
red and blue phosphors relative to the green one. Strict
adherence to the terminology proposed by the CIE (where
luminance is defined without reference to human observ-
ers), actually precludes observer variation in luminance;
here, following Kaiser,20 we will therefore adopt the term
‘‘sensation luminance’’ to refer to luminance as assessed
for a particular observer by using the accepted photo-
metrically additive procedures, principally flicker pho-
tometry.

Table 12. Rms Errors Resulting from all Sources
of Individual Variationa

Cone
Type

Phosphor Type

Red Green Blue

L 0 0.0491 0.1839
M 0.0385 0 0.1665
S 0.0149 0.0624 0

a For each cone type, changes common to all phosphors are discounted
by normalization. Thus the values indicate individual variation of cone
contrast instead of variation of absolute cone excitation.
Individual variation in relative sensation luminance
will be partly traceable to individual variation in the
physiological colorimetric factors considered above; addi-
tional variation may be generated by observer variation
in the relative weighting of the L and M cones for sensa-
tion luminance. We next give quantitative estimates for
the contribution of the colorimetric factors to individual
variation in CRT isoluminance settings. Observer vari-
ance in excess of this amount (but only the excess vari-
ance) will be attributable to observer variation in the rela-
tive weights for sensation luminance of the L and M
cones. The way that variation in colorimetric factors
might inflate estimated variation in the L/M cone weight-
ing for sensation luminance has been previously docu-
mented, but only for monochromatic stimuli and without
consideration of the actual magnitudes of individual
variation.21

Each of the forms of observer variation considered
above contributes some variance in relative sensation lu-
minance of the phosphors. Relative sensation luminance
is reflected in the isoluminant setting, where the inten-
sity of one phosphor is varied to achieve equality in sen-
sation luminance with a fixed intensity of a reference
stimulus (typically with a flicker-photometric or
minimum-motion criterion). The relative sensation lu-
minance is the reciprocal of the isoluminant intensity.
We consider, as an index of the individual variation con-
tributed by any one physiological factor, the fractional
rms variation in relative sensation luminance due to that
factor. As before, by fractional rms variation we mean
the rms observer variation (or standard deviation) divided
by the mean across observers.

Table 13 shows the fractional change in sensation lumi-
nance of the red and blue phosphors (relative to the green
phosphor) caused by an increase of 1 standard deviation
in the listed physiological factor. The maximum effect
for the red phosphor is less than 4%, caused by an in-
crease of 1 standard deviation (1.5 nm) in L cone lmax .
For the blue phosphor, an increase in macular pigment
density by 1 standard deviation causes an 18% reduction
in relative sensation luminance.

Table 13. Fractional Changes in Sensation
Luminance of the Red and Blue Phosphor

Relative to That of the Green Phosphor
Resulting from Different Sources of

Individual Variationa

Source of Variation

Phosphor Type

Red Blue

L cone lmax 0.0362 20.0085
M cone lmax 0.0037 20.0064
Macular pigment density 0.0249 20.1751
Lens density 0.0139 20.0211
Visual pigment density 0.0175 0.0133

Total rms variation 0.0494 0.1772

a Each value is the fractional increment in sensation luminance when
the corresponding physiological factor is increased by 1 standard devia-
tion.
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In the final row of Table 13, all the independent sources
of individual variation have been combined by adding the
variances due to them and taking the positive square root
of the result. This is the standard deviation for variation
between observers, in sensation luminance relative to the
green phosphor, that would be expected from the varia-
tion in spectral filtering factors alone, without any varia-
tion in the weighting of the L and M cone contributions to
sensation luminance. The variance attributable to the
latter can be estimated by subtracting the square of the
total rms variation given above from the variance experi-
mentally observed. For example, in recent data of
Gunther and Dobkins,22 the true variation in the sensa-
tion luminance of the red phosphor relative to the green
for their 41 observers was 6.7%. Subtracting from total
true variance (the square of this) the calculated variance
due to the spectral filtering factors (which is the square of
0.0494 from Table 13), we obtain the standard deviation
that would in theory have resulted if those factors were
constant (and only cone weighting varied across observ-
ers):

A0.0672 2 0.04942 5 0.0453.

This variability attributable to cone weighting alone is
here approximately 2/3 of true total standard deviation.
Allowance for this would cause the estimated range in
cone weights among observers to be constricted by ap-
proximately the same 2/3 factor.

The correlation between estimated and true cone
weights would be A2/3, or just over 0.8. Thus, we con-
clude that observer variation in the visual pigments and
screening pigments is not enough to disrupt very seri-
ously the relation between a subject’s L and M cone
weights and the subject’s isoluminance setting for the red
and green phosphors. In a luminance match between the
blue and green phosphors, however, the contribution of
the colorimetric factors, particularly macular pigment,
will be predominant. Individual variation in L and M
cone weights alone generates an rms observer variation of
less than 3% in this setting, whereas the variation gener-
ated by colorimetric factors alone is 18% (Table 13).

8. OTHER SOURCES OF UNCERTAINTY:
COLORIMETRIC DEVICES
Simple tri-filter colorimeters are reliable but they often
lack accuracy.4,12 These devices measure the 1931 CIE
X, Y, Z tri-stimulus values by three sensors whose light
sensitivities approximate the CIE x̄(l), ȳ(l), and z̄(l)
functions. For this purpose, combinations of colored
glass filters are used such that the resulting spectral
transmittance function fits the respective CIE color
matching function. But an accurate fit is hard to
achieve, especially for the double-peaked x̄(l) function.4

One such tri-filter colorimeter, a Minolta CS-100, was
tested by Shepherd.12 To evaluate the accuracy of this
device, she compared its readings for the phosphor lights
from two CRTs with the CIE values calculated from the
spectroradiometric measurements by a Photo Research
Spectra Scan. To make the deviations between these two
devices comparable with the errors that we reported
above, we transformed the data underlying Fig. 1 of Ref.
12 into fractional errors in L, M, S cone excitations. The
rms fractional error of the two CRTs (deviations between
the two devices being very similar for the two CRTs) is as
large as 21% for the L cone excitation from the blue phos-
phor.

The luminance readings of the Minolta CS-100 were on
average 10% lower than the values determined spectrora-
diometrically. Since this difference in favor of the Spec-
tra Scan existed consistently for all phosphor measure-
ments of all CRTs and could be caused by calibration
differences,12 we corrected for these luminance differ-
ences: We substituted the Minolta CS-100 luminance
readings by the spectroradiometrically determined values
and used them along with the unchanged Minolta CS-100
chromaticity readings. The resulting differences in cone
excitations between these two devices are shown in Table
14 [see also Fig. 2(d)]

These deviations are in agreement with the degree of
inaccuracy common for simple tri-filter colorimeters.4

One major source of the deviation of the Minolta CS-100
readings from the spectroradiometrically determined val-
ues is possibly its unsatisfactory approximation of x̄(l):
The Minolta CS-100 uses a scaled version of z̄(l) to ap-
proximate the short-wavelength peak of x̄(l).12 More-
elaborated colorimeters with filters built on the basis of
the Dresler principle4 are available commercially nowa-
days. They have substantially improved accuracy, and
only such colorimeters should be used in colorimetric
measurements of CIE X, Y, Z values that require the ac-
curacy usually required for vision science.

APPENDIX A: FORMULAS
1. Notation
x̄(l), ȳ(l), and z̄(l) are the 1931 CIE color matching
functions. x̄J(l), ȳJ(l), and z̄J(l) are the Judd-modified
CIE color matching functions. L(l), M(l), and S(l) are
the spectral cone-sensitivity functions (for any of the SP,
SMJ2, SMJ10, or the SS candidate set, see Section 1, list
(a)–(d) and with units as described in Subsection 2.B).
ri(l), gi(l), and bi(l) are the spectral power distribu-
tions of the red, green, and blue phosphor of monitor i.
All spectral functions were defined in the range from 380
to 780 nm in 1-nm steps. Where necessary this format
was derived by using cubic spline interpolation. INV( )
denotes the inverse of a matrix and ( )T the transpose.

Table 14. Rms Errors Resulting from
Measurement-Device Variationa

Cone
Type

Phosphor Type

Red Green Blue

L 0.0116 0.0129 0.0128
M 0.0432 0.0171 0.0651
S 0.0995 0.0601 0.1344

a Based on the differences between a trifilter colorimeter and a spectro-
radiometer measured by Shepherd.12 Differences in luminance have
been corrected for (see text). Each value is the rms of the differences of
the two devices in L, M, or S cone excitations for two monitors, expressed
as a fraction of the average spectroradiometrically determined excitation
for both monitors.
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2. Section 3
The spectral power distributions of the typical red, green,
and blue phosphor r̄(l), ḡ(l) and b̄(l) were calculated by
averaging over all 15 measured monitors:

r̄~l! 5 (
i

ri~l!, ḡ~l! 5 (
i

gi~l!,

b̄~l! 5 (
i

bi~l! ~l 5 380,..,780!.

3. Subsection 4.A
The LMSIXYZ transformation matrices were calculated
as

LMSIXYZ

5 S L~l!

M~l!

S~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D T

* INVS S x̄~l!

ȳ~l!

z̄~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D TD .

Let

F LX LY LZ

MX MY MZ

SX SY SZ

G
denote the elements of such a LMSIXYZ matrix for one
of the four sets of candidate cone sensitivities. Then the
corresponding transform from 1931 CIE (x, y) chromatic-
ity coordinates to the (l, s) chromaticity coordinates of
MacLeod and Boynton10 is determined by
l 5
~LX 2 LZ! * x 1 ~LY 2 LZ! * y 1 LZ

~LX 1 MX 2 LZ 2 MZ! * x 1 ~LY 1 MY 2 LZ 2 MZ! * y 1 LZ 1 MZ
,

s 5
~SX 2 SZ! * x 1 ~SY 2 SZ! * y 1 SZ

~LX 1 MX 2 LZ 2 MZ! * x 1 ~LY 1 MY 2 LZ 2 MZ! * y 1 LZ 1 MZ
.

4. Subsection 4.B
The LMSIRGB transformation matrices were calculated
as

LMSIRGB 5 S L~l!

M~l!

S~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D T

.

5. Subsection 4.C
The X8Y8Z8IXYZ matrices for the transformation from
1931 CIE to Judd-modified tristimulus values were calcu-
lated as

X8Y8Z8IXYZ 5 S x̄J~l!

ȳJ~l!

z̄J~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D T

* INVS S x̄~l!

ȳ~l!

z̄~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D TD .
The matrices for transforming 1931 CIE to Vos-modified
and to 1964 CIE tristimulus values were calculated simi-
larly, only differing in that x̄J(l), ȳJ(l) and z̄J(l) were
replaced by the respective color matching functions.

6. Section 5
Errors in cone excitations ensuing from use of Eq. (3)
were calculated as follows: With the phosphor spectra at
hand, for each of the 15 monitors a matrix LMSIXYZi for
transforming 1931 CIE XYZ values to LMS cone excita-
tions can be calculated that is exactly correct for the re-
spective monitor:

LMSIXYZi 5 S L~l!

M~l!

S~l!
D * S ri~l!

gi~l!

bi~l!
D T

* INVS S x̄~l!

ȳ~l!

z̄~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D TD

~i 5 1,.., 15!.

For each of the average phosphor spectra r̄(l), ḡ(l) and
b̄(l) the estimated LMS values were calculated

(a) by using the transformation LMSIXYZ based on
the average phosphors [Eq. (3) of Subsection 4.A step (b)]:

F Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G 5 LMSIXYZ * S S x̄~l!

ȳ~l!

z̄~l!
D * S r̄~l!

ḡ~l!

b̄~l!
D TD ;
(b) by using the above transformations LMSIXYZi
based on the phosphors of each individual monitor:

F Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G
i

5 LMSIXYZi * S S x̄~l!

ȳ~l!

z̄~l!
D * S r̄~l!

ḡ~l!

b̄~l!

D TD .

~i 5 1,.., 15 !

Now the rms of the differences of the LMS estimate
based on the average phosphor from the exact LMS esti-
mates based on each individual monitor was calculated
and normalized by the LMS estimate based on the aver-
age phosphor:
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fractional rmsF Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G 5A1/15(
i S F Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G 2 F Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G
i

D 2

Y F Lr̄ Lḡ Lb̄

Mr̄ Mḡ Mb̄

Sr̄ Sḡ Sb̄

G

where A , ( )2, and / are scalar element-by-element op-
erations. All other error values presented in Section 5
were calculated accordingly.

APPENDIX B: SUPPLEMENTARY
MATERIAL
The phosphor data set of our average phosphors and in-
dividual monitors, color matching and cone sensitivity
functions as used in our paper, and a MATLAB script to
calculate the transform matrices based on the average
phosphors (Section 4) and to determine transform matri-
ces that are exact for your own CRT are available at
www.psychologie.uni-kiel.de/golz/publications/4/
supplement.html.

ACKNOWLEDGMENTS
This work was supported by the National Eye Institute
under grant EY01711. Jürgen Golz was supported by the
German–American Fulbright Commission. We are
grateful to Alex Shepherd for providing us with her origi-
nal data and to David Brainard and Franz Faul for help-
ful comments.

Corresponding author Jürgen Golz can be reached by
email at golz@psychologie.uni-kiel.de.

REFERENCES
1. A. Stockman, D. I. A. MacLeod, and N. E. Johnson, ‘‘Spec-

tral sensitivities of the human cones,’’ J. Opt. Soc. Am. A 10,
2491–2521 (1993).

2. D. B. Judd, ‘‘Report of U.S. Secretariat Committee on Colo-
rimetry and Artificial Daylight,’’ in Proceedings of the
Twelfth Session of the CIE, Stockholm, Tech. Committee No.
7 (Bureau Central de la CIE, Paris, 1951).

3. J. J. Vos, ‘‘Colorimetric and photometric properties of a
2-deg fundamental observer,’’ Color Res. Appl. 3, 125–128
(1978).

4. G. Wyszecki and W. S. Stiles, Color Science: Concepts and
Methods, Quantitative Data and Formulae, 2nd ed. (Wiley,
New York, 1982).

5. W. S. Stiles and J. M. Burch, ‘‘NPL colour-matching inves-
tigation: final report,’’ Opt. Acta 6, 1–26 (1959).

6. V. C. Smith and J. Pokorny, ‘‘Spectral sensitivity of the
foveal cone photopigments between 400 and 500 nm,’’ Vi-
sion Res. 15, 161–171 (1975).

7. A. Stockman and L. T. Sharpe, ‘‘Spectral sensitivities of the
middle- and long-wavelength sensitive cones derived from
measurements in observers of known genotype,’’ Vision Res.
40, 1711–1737 (2000).

8. D. H. Brainard and B. A. Wandell, ‘‘Asymmetric color
matching: how color appearance depends on the illumi-
nant,’’ J. Opt. Soc. Am. A 9, 1433–1448 (1992).

9. R. Luther, ‘‘Aus dem Gebiet der Farbreizmetrik,’’ Z. Tech.
Phys. 8, 540–558 (1927).

10. D. I. A. MacLeod and R. M. Boynton, ‘‘Chromaticity dia-
gram showing cone excitation by stimuli of equal lumi-
nance,’’ J. Opt. Soc. Am. A 69, 1183–1186 (1979).

11. R. M. Boynton, ‘‘Frederic Ives Medal paper. History and
current status of a physiologically based system of photom-
etry and colorimetry,’’ J. Opt. Soc. Am. A 13, 1609–1621
(1996).

12. A. J. Shepherd, ‘‘Calibrating screens for continuous colour
displays,’’ Spatial Vis. 11, 57–74 (1997).

13. A. Chaparro, C. F. Stromeyer, E. P. Huang, R. E. Kronauer,
and R. T. Eskew, ‘‘Colour is what the eye sees best,’’ Nature
361, 348–350 (1993).

14. D. I. A. MacLeod, ‘‘Colour discrimination, colour constancy,
and natural scene statistics,’’ in Proceedings of the Thomas
Young Symposium of the International Colour Vision Soci-
ety, J. D. Mollon, J. Pokorny, and K. Knoblauch, eds. (Ox-
ford U. Press, London, to be published).

15. M. A. Webster and D. I. A. MacLeod, ‘‘Factors underlying in-
dividual differences in the color matches of normal observ-
ers,’’ J. Opt. Soc. Am. A 5, 1722–1735 (1988).

16. L. T. Sharpe, A. Stockman, H. Jägle, and J. Nathans, ‘‘Op-
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